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Numerical Differentiation and Integration

Introduction

Numerical differentiation/ integration is the process of computing the value of the derivative of a

function, whose analytical expression is not available, but is specified through a set of values at
T o I 0

certain tabular points In such cases, we first determine an interpolating

polynomial approximating the function (either on the whole interval or in sub-intervals) and then

differentiate/integrate this polynomial to approximately compute the value of the derivative at

the given point.

Numerical Differentiation

Iga T ).
In the case of differentiation, we first write the interpolating formula on the interval E )
and the differentiate the polynomial term by term to get an approximated polynomial to the
derivative of the function. When the tabular points are equidistant, one uses the Newton's
Forward/ Backward Formula or Sterling's Formula; otherwise Lagrange's formula is used.
Newton's Forward/ Backward formula is used depending upon the location of the point at which
the derivative is to be computed. In case the given point is near the midpoint of the interval,
Sterling's formula can be used. We illustrate the process by taking (i) Newton's Forward formula,
and (ii) Sterling's formula.

Recall, that the Newton's forward interpolating polynomial is given by

~

;?uiu[u—l))+---+

k
f’“{u{u—n---{u—k

flz) = flzo+ k1 = yo + Ayou + -

n;yu{ul[u— 1)..(u—n+1)}. (13.2.1

n )

4+ 4

Differentiating (13.2.1), we get the approximate value of the first derivative at zas

~
A S

1 A Ady, .
4 _1d m—[ﬁyn+ Y (2u—1) + =2 (307 — Gu+2) + -

dr hdu R 21



mywbut.com

A"yo n—1 n(n—1)? n—2 n—1
Y (m.n — %u B § LA (e 1)!)] (13.2.2)

I — Ip
U= .
h
where,
I = Ipn

Thus, an approximation to the value of first derivative at i.e. u = 0is obtained as :

df _ 11, Alyo | Ayg (n—-1) A" %0

az|,_, "k [i% > * 73 HEDTTE (13.2.3)

Similarly, using Stirling's formula:

o Ayt ufu? —1)(u? —27) &51;13 + Aﬁy*_z
+u?(u? — 1) YT 5 £l +(13.2.4)
Therefore,
df 1df 1 [Ay*; 4+ Ay " (Bu?—1) (A%y*, 4+ Ay*))
= B — L" * &
dz  hdu kB 3 TUAY T X 3]
, Afy* . (Bu? — 15u? 4+ 4)(ASyr, + Ayt )
+2u(2u? — 1) 1 | 3 % Bl + (13.2.5)
o T =ZIp .
Thus, the derivative at is obtained as:
ﬁ _ l Ayl, + Ay _ E . (A%y2, + A%y2) n 4% [5‘5?’*—3 + 35'9'13) 1 (13.26
dz|,_.. k 2 P 3! D x 5! )

Remark 13.2.1 Numerical differentiation using Stirling's formula is found to be more accurate
than that with the Newton's difference formulae. Also it is more convenient to use.
Now higher derivatives can be found by successively differentiating the interpolating
T =Ip
polynomials. Thus e.g. using (13.2.2), we get the second derivative at as
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d>f

I 3 2 x 11 x A*yg
2|, W [J' %~ Ao+ ——,
: . y=flz)
EXAMPLE 13.2.2 Compute from following table the value of the derivative of at
r = 17489
T 1.73 1.74 1.75 1.76 1.77

¥ 1.772844100 1.155204006 1.737739435 1.720448638 1.703329888

zg =175,k =001, w=(17480-175)/0.01 =-011
Solution: We note here that 0)

,and
Ayp = —.0017200797, A2yy = .0000172047, Ay, = —.0000001712,

Ay_ = —.0017464571, A2y_; = .0000173774, A3y_, = — 0000001727,
Aly_, = —.0000001749, A%y_- = —.0000000022

£ (1.7489)
Thus, is obtained as:

(i) Using Newton's Forward difference formula,

1 0.0000172047
f1(14978) = oGH [—D.DDl?EQD?Q? +H(2x -011- 1) x ————

—0.0000001712
3!

+ (3% (—0.11)% — 6 x —0.11 + 2) x = —0.173965150143.

(if) Using Stirling's formula, we get:

1 [(—.0017464571) + (—.0017200797
£(14978) = — [{ );r{ )+|{—n.11} x 0000173774

N (3% (—0.11)% — 1) ((—.0000001749) 4 (—.0000001727))
2 3!

i (—.0000000022)
+2x (—0.11) x (2(—-0.11)% - 1) x z

=—0.17396520185

flz) =e7=

It may be pointed out here that the above table is for , Whose derivative has the

value -0.1739652000 at = = 1.7489.
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EXAMPLE 13.2.3 Using only the first term in the formula (13.2.6) show that
oy o Y1 TV
.f [IU} ™ 2!;3- '

y=e”
Hence compute from following table the value of the derivative of at z=1156:

z 105 115 125
e* 2.8577 3.1582 3.4903

Solution: Truncating the formula (13.2.6) after the first term, we get:

1 [Ay*, + Ay
F e ® s 1 ]
f [Tn) ~ 5 |:—2 ]

_ (3 —92y) + (w1 —55)

2h

_ v Tvn

2R

_ o zh=116
Now from the given table, taking , we have
3.4903 — 2.8577
1.15) = = 3.1630.
f1.15) 2x01

3.1630 — 3.1582 = 0.0048,
Note the error between the computed value and the true value is

EXERCISE 13.2.4 Retaining only the first two terms in the formula (13.2.3), show that

_ 5w +4y1 — 2
f'(zo) = 2h |
y=e¢e’
Hence compute the derivative of at = = 1.15 from the following table:

z 115 120 125

e® 3.1582 3.3201 3.4903
Also compare your result with the computed value in the example (13.2.3).

EXERCISE 13.2.5 Retaining only the first two terms in the formula (13.2.6), show that
L +8 w3

P e ®Y y:B - Ey

y
Hence compute from following table the value of the derivative of at z=1156:
z 105 110 115 120 1.25
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e* 2.8577 3.0042 3.1582 3.3201 3.4903

y= f(z)
EXERCISE 13.2.6 Following table gives the values of at the tabular points
zr=0+006xk k£=0,1,2,3,4,5.

z 0.00 0.05 0.10 0.15 0.20 0.25
¥ 0.00000 0.10017 0.20134 0.30452 0.41075 0.52110

w y
Compute (i)the derivatives and  at z = 0.0 by using the formula (13.2.2). (ii)the second
/
derivative  at z = 0.1by using the formula (13.2.6).

Similarly, if we have tabular points which are not equidistant, one can use Lagrange's

interpolating polynomial, which is differentiated to get an estimate of first derivative. We shall
Lp,T1,X2,F3

see the result for four tabular points and then give the general formula. Let be the

tabular points, then the corresponding Lagrange's formula gives us:

foy e EmTEm ) Em) (o) m)Eos)

(zg— z1)(zg — z2)(zp — Z3) (21 — zg)(z1 — Z4) (21 — Z3)

(z—zo)(z —z1)(z — z3) flza)+ (z = o)z — z1)(z — )ﬂ%)

" (z2 — z0)(z2 — 71)(22 — z3) (23 — Zo)(za — 71) (23 — z2)

Differentiation of the above interpolating polynomial gives:
df(z) _(z—z2)(z—z3)+ (z —21)(z— Z2) + (2 — 71)(z — Ia}ﬁz )
4]

dr (£o — z1)(Zg — Z2) (2o — Za)

[z—zw}[z—13}+[z—zu}[z—Iw)—l—l[:: zo)(z — z3

(21— zo) (21 — Z2)(Z1 — Z3)

).ﬂ:Il)

| [I_Il}[I_IB)+[I—$U)[I—11)+EI_IU”I_IE) .
| (z3— zg)(zy —z1)(Z2 — Z3) f(z2)

2z —z)(z —22) + (2~ zo)(z —z2) + (2 — z0)(z— 2z

(z3— za)(Z3 — Z1)(Z3 — Z2)

1) f(z,)

3

=(H{z—zr)) Z[ ) fliglrfs)t )( > z_m) - (13.2.7)
=0 i=0 T — T; I; — I; k=0, ki

3=0,3#1
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T =Ip
In particular, the value of the derivative at is given by

df
dr

£l

— 1 1 1 ﬂ: [:13 — 13}[:1;; — Eg}
T=10 - [ETU — 71) " (zo — z2) - (20 — z3) flza) + (z1 — zo)(z1 — 22) (71 — Z3)

(zo— z1)(zo— 22)
(z3 — zp)(Z3 — z1) (23 — 1)

(Zo — z1)(T0 — 73)
(z2 — zg) (22 — 21)(Z7 — T3)

flza)+ flzs).

n+1 To,T1, " 1T
Now, generalizing Equation (13.2.7) for tabular points we get:

% = H[z—Ig—) Z an ) ( z [:I—IF:})
r=0 i=0 (z — z;) .=GH_#_[:::,; —z;) \k=0, ki

y= f(z)
EXAMPLE 13.2.7 Compute from following table the value of the derivative of at
=006

T 0.4 0.6 0.7
Y 3.3836494 4.2442376 4.7275054
Solution: The given tabular points are not equidistant, so we use Lagrange’s interpolating

Tp = D.-‘!:,Il = D.E,Eg = 0.7
polynomial with three points:

=1
Now differentiating this polynomial the derivative of the function at is obtained in the
following form:
d T1— To 1 1 T, — T
| v _Amor) g, ) + — o)

dz|,_,. (20— z1)(z0 — z2) (1 —z2) (z1 — z0)

Note: The reader is advised to derive the above expression.

Now, using the values from the table, we get:

(z2 — zo)(z2 — 71)
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d 0.6—0.7 1 1
af ~ { ) < 3.3836404 +

~ 4.244237)
(04—0.6)(04—0.7) (06—07) T (06—04)] * :

dr|,_os

| (0.6 —0.4)

| 47225054
07— 04)07—08)

= —b5.63941b67 — 21.221188 4 31 48336933 = 46227656,

For the sake of comparison, it may be pointed out here that the above table is for the function

flz) =2e* 4+ =z
, and the value of its derivative at =z = 0.61is 4.6442376,

EXERCISE 13.2.8 For the function, whose tabular values are given in the above
example(13.2.8), compute the value of its derivative at = = 0.5.

Remark 13.2.9 It may be remarked here that the numerical differentiation for higher
derivatives does not give very accurate results and so is not much preferred.
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Numerical Integration

b

[ f(z)dz,

[+
Numerical Integration is the process of computing the value of a definite integral,

y= f(z)

when the values of the integrand function, are given at some tabular points. As in the
case of Numerical differentiation, here also the integrand is first replaced with an interpolating
polynomial, and then the integrating polynomial is integrated to compute the value of the definite
integral. This gives us 'quadrature formula' for numerical integration. In the case of equidistant
tabular points, either the Newton's formulae or Stirling's formula are used. Otherwise, one uses
Lagrange's formula for the interpolating polynomial. We shall consider below the case of

o . IpaLle' ' s Ip.
equidistant points:

A General Quadrature Formula
flze) = v Tk k=0,1, -, Zn, Ip=a
Let be the nodal value at the tabular point for where and

Tn =Tp+nk=5b
Now, a general quadrature formula is obtained by replacing the integrand by

Newton's forward difference interpolating polynomial. Thus, we get,

b

Ayg A3
/f[:I =/[ {z—:::u)+ o2 2 (z— zo)(z — z1) + BI;UET—TQ)[:T—T]_)[:I—
Ay
+ 4!?; (z—zo)(z — z1)(z — Z2)(z — za) + | dz
T =1zp+ hu
This on using the transformation gives:

f_f[z}dz = .Faj [‘yu + ulyp + %u[u —-1)+ ig?nu[u— 1){u—2)

o
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i 4f’°u[u—1}[u—2)[u—3)+---]d.u

4

which on term by term integration gives,

b
2 A2 3 2 AZ 4
[ 1@ = h[nyﬁ“—&yﬁﬂ (“__ﬂ_) 4+ Ao (ﬂ__ﬂunz)

2 2! 3 2

Ay (m®  3m*  11n° 32
T \5 2 T3 )t (13.3.1)
n=1,
For i.e., when linear interpolating polynomial is used then, we have
f Fa h
4o
/f[m)dm =h [’yu + T] =5 [vo + v1] . (13.3.2)

Similarly, using interpolating polynomial of degree 2 (i.e. m = 2 ), we obtain,

b
j_f[z)dz —h [Eyu + 27y, + (g - i;) 3';”“]

1 — 2y +
_xyz Y1+ Yo

h
3 5 ] =g [w+4y1+32]. (1333

=2k|:yn+{'yl_'yn)+

In the above we have replaced the integrand by an interpolating polynomial over the whole interval

[a, 5]

and then integrated it term by term. However, this process is not very useful. More useful
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[a, B] [Tk, Zria],
Numerical integral formulae are obtained by dividing the interval in msub-intervals

T = g+ kh k=0,1,---,n IZg=a,zp =Zpg+nk="5
where, for with

Trapezoidal Rule
Here, the integral is computed on each of the sub-intervals by using linear interpolating formula, i.e. for
n = 1 and then summing them up to obtain the desired integral.

Note that

;f[z]dz =Tf[z)dz+7f{z}dz+---+ f flz)dz + - + z]_lf[z)dz

T4l

[Tin Tk+1]=
Now using the formula ( 13.3.2) for m = 1 on the interval we get,

T4l

flz)dz = [ys +3hsa].

Tk

Thus, we have,

b
k ) k ) I3
ff{T)dT =§[Fu+!r’1] +3 lyr +y2] + - + 5 [k +'!|"F:+1]+"'+§ [Yn—2 + Yn—1] +3 [¥n—1 + Yn]

ie.

b
h
ff{r)dr =§[yu+2y1+2yz+---+2m+---+2yﬂ_1+yﬂ]

i=1

n—1
Yo + Yn
=h [T +y %‘] : (13.3.4)

This is called TRAPEZOIDAL RULE. It is a simple quadrature formula, but is not very accurate.

10
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E,

Remark 13.3.1 An estimate for the error in numerical integration using the Trapezoidal rule is given
by

b—a——m
E =— A2
1 12 Y.

Ay
where is the average value of the second forward differences.

Recall that in the case of linear function, the second forward differences is zero, hence, the
Trapezoidal rule gives exact value of the integral if the integrand is a linear function.

1 a
[e® dz,
D
EXAMPLE 13.3.2 Using Trapezoidal rule compute the integral where the table for the values
y=e®
of is given below:
T 0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0

Y 1.00000 1.01005 1.04081 1.09417 1.17351 1.28402 1.43332 1.63231 1.89648 2.2479 2.71828

h=01, n=10,
Solution: Here,

yo+ywo _ 1.0+4271828
P o 2

= 1.85014,

and

> v = 12.81257.

i=1

Thus,

1
fe’ndz =0.1x [1.85914 +12.81257] = 1467171
o

11
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Simpson's Rule
If we are given odd number of tabular points,i.e. mis even, then we can divide the given integral of

[Izﬁg TEF:+2]-
integration in even number of sub-intervals Note that for each of these sub-intervals, we

TokyT2k+1s T2k42
have the three tabular points and so the integrand is replaced with a quadratic

interpolating polynomial. Thus using the formula (13.3.3), we get,

Tkt

k
flr)dr = el [Yor +4¥Uapya + Yakya]

T2k

In view of this, we have

Tk 42

; f(z)dz f f(z)dz + f flz)dz + - / flz)dz + - f f(z)dz

= g [(yo+4y +w) + (Y2 +4ws +ya) + o+ (Un—2 +4Yn—1 + ¥n )]

h
= §['H'u +4y; + 2ya + 4y + 2ya + o+ 2 W1 + U,

which gives the second quadrature formula as follows:

b
h
ff[T)dT = §[{'Hu+’yn)+4>< (Y +ya+  + Yo+ +Yn—1)

+2% (ya+ya+ o Fym+ o+ yn—2)]

n—1 n—2

h
=3 (o +un) +4 x z Y | +2x Z Yil | (13.3.5)

i=1, i—odd i=2, i—even

12
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This is known as SIMPSON'S RULE.

E
Remark 13.3.3 An estimate for the error in numerical integration using the Simpson's rule is given

by

b—a
Aty
where is the average value of the forth forward differences.
y=e®

EXAMPLE 13.3.4 Using the table for the values of as is given in Example 13.3.2, compute the

1 a

[e® dr,

o
integral by Simpson's rule. Also estimate the error in its calculation and compare it with the
error using Trapezoidal rule.

h=01, n=10,

Solution: Here, thus we have odd number of nodal points. Further,

a
Yo +yio=10+271828 =3.71828, D w =v; +ys +us+ vy +vo = 7.26845,
i=1, i—odd

and
8
3 Y= 4+ Vs +vs + s = 554412,
i=2, i—even
Thus,

1
fe’nd‘.z = []3—1 % [3.71828 + 4 x 7.268361 + 2 x 5.54412] = 146267733
0

13
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To find the error estimates, we consider the forward difference table, which is given below:

T ' Ay;

0.0 1.00000 0.01005

0.1 1.01005 0.03076

0.2 1.04081 0.05336

0.3 1.09417 0.07934

0.4 1.17351 0.11051

0.5 1.28402 0.14930

0.6 1.43332 0.19899

0.7 1.63231 0.26417

0.8 1.89648 0.35142

0.9 2.24790 0.47038

1.0 2.71828

331&;

0.02071
0.02260
0.02598
0.03117
0.3879
0.04969
0.06518
0.08725

0.11896

33%

0.00189
0.00338
0.00519
0.00762
0.01090
0.01549
0.02207

0.03171

Thus, error due to Trapezoidal rule is,

By = ——A:Z
1 12 Y

34%

0.00149
0.00171
0.00243
0.00320
0.00459
0.00658

0.00964

1 0.02071 40022604 0.02598 4+ 0.03117+ 0.05879 4 0.04969 4+ 0.06518 + 0.0

= —0.004260463.

a

14
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Similarly, error due to Simpson's rule is,

1—0——
B =— j‘i
2 180 ¢

1 y 0.00149 + 0.00171 4 0.00243 4 0.00328 + 0.00459 + 0.00658 + 0.00964
180 7

— —2.35873 x 1075,

It shows that the error in numerical integration is much less by using Simpson's rule.

r z)dz
e vt

EXAMPLE 13.3.5 Compute the integral , Where the table for the values of is
given below:

r 0.05 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Y 0.0785 0.1564 0.2334 0.3090 0.4540 0.5878 0.7071 0.8090 0.8910 0.9511 0.9877 1.0000

Solution: Note that here the points are not given to be equidistant, so as such we can not use
0.05,0.10,0,15

any of the above two formulae. However, we notice that the tabular points and
0.2,03,04,05,06,07,08,0.9
0.20are equidistant and so are the tabular points and 1.0.
[0.05,0.2] [0.2,1.0]
Now we can divide the interval in two subinterval: and ; thus,
1 0.2 1
f f(z)dz = f f(z)dz + f f(z)dz
0.05 0.05 0.2

. The integrals then can be evaluated in each interval. We observe that the second set has odd number
of points. Thus, the first integral is evaluated by using Trapezoidal rule and the second one by
Simpson's rule (of course, one could have used Trapezoidal rule in both the subintervals).

For the first integral k = 0.05 and for the second one k. = 0.1. Thus,

15
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0.2
f f(z)dz = 0.05 x {D'D’SE ; 0.30% | 41564 +0.2334| = 0.0201775,

0.05

1.0 D 1
and ffl[z)d‘.z = " x {[n.angn +1.0000) + 4 x (0.4540 +0.7071 + 0.8910 + 09877
0.2
+2 % (0.5878 + 0.8090 + 0.9511)
— 0.6054667,

which gives,

1
f flz)dz = 0.0291775 + 0.6054667 = 0.6346442
0.05

flz) = sin(wz/2)

It may be mentioned here that in the above integral, and that the value of the
integral is 0.6346526. It will be interesting for the reader to compute the two integrals using
Trapezoidal rule and compare the values.

EXERCISE 13.3.6

b
[ f(z)dz,
[+
1. Using Trapezoidal rule, compute the integral where the table for the values of

y= f(z)
is given below. Also find an error estimate for the computed value.
1.

r a=1 2 3 4 5 6 7 8 9 b=10

0.0953 0.1823 0.2623 0.3364 0.4054 0.4700 0.5306 0.5877 0.6418 0.6931
1 2 6 7 6 0 3 9 5 4

)

16
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3.
¢ a=150 1.55 1.60 1.65 1.70 1.75 b=1.80
Y 0.40546 0.43825 0.47000 0.5077 0.53063 0.55962 0.58779
5.
z a=1.0 15 2.0 2.5 3.0 b=3.5
¥ 1.1752 2.1293 3.6269 6.0502 10.0179 16.5426
b
[ f(z)dz.
3
2. Using Simpson's rule, compute the integral Also get an error estimate of the

computed integral.
1. Use the table given in Exercise 13.3.6.1b.

2.
r a=05 10 15 20 25 3.0 b=35
Y 0.493 0.946 1.325 1.605 1.778 1.849 1.833
1.5
[ flz)dz
0 y= f(z)
3. Compute the integral , Where the table for the values of is given below:

z 00 05 07 09 11 12 13 14 15

¥ 0.00 0.39 0.77 1.27 1.90 2.26 2.65 3.07 3.53

17
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